A wide variety of different physical systems can be described by a relatively small set of universal equations. For example, small-amplitude nonlinear Schrödinger dark solitons can be described by a Korteweg-de Vries (KdV) equation. Reductive perturbation theory, based on linear boosts and Gallilean transformations, is often employed to establish connections to and between such universal equations. Here, a novel analytical approach reveals that the evolution of small-amplitude Helmholtz-Kerr dark solitons is also governed by a KdV equation. This broadens the class of nonlinear systems that are known to possess KdV soliton solutions, and provides a framework for perturbative analyses when propagation angles are not negligibly small. The derivation of this KdV equation involves an element that appears new to weakly-nonlinear analyses, since transformations are required to preserve the rotational symmetry inherent to Helmholtz-type equations. PACS number(s): 42.65.-k (nonlinear optics), 42.65.Tg (optical solitons), 05.45.Yv (solitons, nonlinear dynamics of) KdV description of Helmholtz-Kerr dark solitons 2
By relaxing conditions (i) and (ii), one defines the ultra-narrow beam (or 'sub-wavelength') type of non-paraxial regime. In this case, one must take full account of the vectorial nature of the electric field, and allow for additional contributions from rapid spatial variations in the nonlinear polarization [19] [20] [21] . In this paper, we are concerned solely with the Helmholtz non-paraxial scenario. This involves broad, moderately intense optical beams propagating and interacting at arbitrarily large angles with respect to the longitudinal (reference) direction [22] . In other words, criteria (i) and (ii) are always satisfied rigorously, but (iii) is relaxed. For uniform media, and with the explicit assumption of broad beams, one may consider the refractive-index distributions within the scalar approximation. In this regime, higher-order perturbative correction terms in the governing wave equation are unnecessary. Rather, the Helmholtz angular correction to paraxial theory, which is purely geometrical in nature, can be of any order even though the optical beam is always broad [22] [23] [24] . When oblique evolution is the sole source of non-paraxiality, the electric field can be regarded as predominantly transverse (polarized, typically, in the x-z plane of the waveguide), and a Nonlinear Helmholtz (NLH) equation captures the full description of wave propagation. By omitting the slowly-varying envelope approximation, the transverse (x) and longitudinal (z) coordinates occur symmetrically and, as a consequence, light is allowed to diffract in both these dimensions. Since there is no physical distinction between x and z in uniform media, the wave equation retains the inherent spatial symmetry [22] .
For a Kerr medium, where the refractive index distribution 2 0 2 n n n E = + is well approximated by 2 2 2 0 0 2 2 n n n n E ≈ + , the NLH equation may be written in a form more compatible with the familiar cubic NLS model,
Here, the spatial coordinates are scaled as The Helmholtz operator ζζ κ∂ leads to several physical features absent from paraxial theory. These have been discussed in earlier publications, where exact analytical bright [22, 23] and dark [24] soliton solutions were first reported. Other Helmholtz-generalized wave equations, such as the Helmholtz-Manakov equation and an NLH model with power-law nonlinearity, also admit exact analytical solutions [25] . These families of solutions involve non-trivial corrections to the paraxial beam profile (angular beam broadening) and to the beam phase. Another attractive feature of NLH-based models is that they can support both travelling-and standing-wave solutions. They are therefore capable of describing accurately the propagation and interaction of multiple beams at arbitrary angles with respect to the reference direction [26] . An exact Helmholtz dark soliton is [24] :
where . The structure of this soliton has similarities with its paraxial counterpart. V is the transverse velocity of the nonlinear plane-wave background field, defined by the choice of reference direction, and V is the intrinsic velocity associated with greyness of the localized soliton component. W is the net velocity, and is related to velocity summation in the unscaled reference frame. The velocities (V , and W ) in the scaled The complex beam envelope of (2a) can be recast into the form
ψ ξ ζ is a phase distribution. In the small-amplitude limit, where , 1 A ( ) ( ) ( )
It is this limit that is of particular interest for the proceeding analysis where perturbations to the nonlinear plane wave background field are quantified.
Helmholtz master equations
The defocusing NLH equation (1) 
This quadratic equation has two solutions, corresponding to on-axis (V 0 = ) forward-and backwardpropagating waves. The forward solution is
In the limit , plane wave (5) tends to that of the (paraxial) NLS equation, that is,
. To proceed, solutions to (1) are sought in the form
where the functions ( ) (6) into (1), and retaining terms up to second order in the perturbations, a pair of master equations is found ( )
Leading-order behaviour
To examine the leading-order behaviour of the perturbation, one retains only the linear terms in (7) so that: 
In the limit , the linear wave speed obeys , agreeing with the result arising from the analysis of the corresponding NLS equation [5] . Equation (9) also demonstrates that the leading-order dynamical behaviour is consistent, both physically and mathematically, with the full Helmholtz soliton solution (2), since
where the limit is equivalent to (the small-amplitude limit). 1 F → 0 A →
Weakly nonlinear analysis
To develop the description of perturbations into the weakly-nonlinear regime, we undertake a multiplescales analysis. Such a procedure entails series expansions, involving both independent and dependent variables of the system, in terms of a formal small parameter 0 1 ε < . For two independent variables, such as x and z, one typically defines:
Here, τ and Z are referred to as the slow variables, since large changes in x and z produce only small changes in τ and Z. A suitable set of indices ( ) , p q can be identified by analyzing the linear dispersive properties of the system. The transformation above represents a linear boost (Gallilean transformation) to a frame moving at a speed along the x-axis. In all of the analyses cited in Section 1, the connection between slow and independent variables is based upon a Gallilean transformation [27] .
C
The weakly nonlinear analysis of the NLH equation (1) differs fundamentally from those of paraxial NLS equations. Introducing a Gallilean transformation into the NLH framework breaks the rotational symmetry of the problem and lacks a physical correspondence with the phenomena concerned. A key objective of Helmholtz soliton theory is to eliminate such unphysical features and to study the implications of full spatial symmetry for more general soliton dynamics.
It can be shown that the invariance relations for the exact Helmholtz dark soliton solution (2) are given by [28] :
V is a soliton velocity parameterizing the transformation in the scaled ( ) It should be noted that C is a leading-order representation of the intrinsic velocity of the Helmholtz dark soliton, since the direction of the plane wave background field is considered to be axial. Equations (11) are also consistent with the Gallilean transformation laws of the NLS equation in the limit . The perturbations 
where ( ) ( ) 
Next, taking the τ derivative of (13d), and using (14), brings out the underlying KdV structure of the Helmholtz problem 
By manipulating (13b), and using (14), the first two terms on the right-hand side of (15) can be replaced by
With further algebraic manipulation, the following KdV equation is obtained:
In the limit , the corresponding NLS result [5] is obtained, as should be the case. Equation 
where α is a free parameter and V is an effective velocity in terms of the new Helmholtz slow variables. The expression for V includes a, potentially significant, correction of to its paraxial counterpart. Comparison of the KdV solution with the small-amplitude approximation (3) yields a simple relationship between the dark soliton amplitude and the formal expansion parameter
This is the same as in the paraxial case, and is given by
Power series expansions, and use of (2), (9), (11) and (18), verify convergence of the approximate Helmholtz soliton (3) and the KdV solution (17) in the limit of low soliton amplitude. Moreover, the intrinsic velocity V , as given by (2d), can be shown to be equal to plus a power series in , where 0 C 2 A V is precisely the first-order correction in this series. V thus accounts for the amplitude-dependence of V . 0
Conclusion
We have presented a novel multiple-scales approach that incorporates the preservation of rotational symmetry embodied in NLH equations. It has been demonstrated, for the first time, that smallamplitude Helmholtz-Kerr dark solitons satisfy a KdV equation. Particular novelty arises from noting that the integrable KdV equation has been derived from the non-integrable NLH equation. A physical interpretation of this result can be uncovered by observing that the Helmholtz slow variables describe a soliton in a near-paraxial framework, and that in the paraxial limit this soliton does indeed satisfy an integrable wave equation.
Perturbations to the solitons may be analysed using KdV theory. For example, the potential use of quasi-linear solitons as information signals that are guided in re-configurable refractive waveguides (written to the medium by relatively intense optical beams) has greater promise when signals can be guided at arbitrary propagation angles.
The NLH equation considered is a generalization of the NLS equation through a generic modification to the linear wave operator. A connection has thus been established between the KdV equation and a wider class of nonlinear wave equations. Numerous other NLH equations can be shown to possess exact analytical soliton solutions [25] . Further new connections, involving such nonlinear wave equations, may be established and these may provide alternative analytical frameworks and novel insights in these cases.
Finally, we comment on a potential alternative approach to establishing a connection between Helmholtz-Kerr and KdV solitons. There exists a formalism for mapping solutions of a generalized KdV equation onto solutions of the NLS equation [29] [30] [31] . This is based on the fluid equations associated with the NLS system, derived by introducing a Madelung transformation. However, we have not found an equivalent mapping when the NLS equation is replaced by the NLH equation. A generalized procedure, such as that used by Fedele et al [29] [30] [31] , is also unlikely to exist since the familiar fluid equations are not recovered in the Helmholtz case.
